Superconducting and insulating phases are well-established in twisted graphene bilayers, and they have also been reported in other arrangements of graphene layers. We investigate three such situations, (untwisted) bilayer graphene on hBN, two graphene bilayers twisted with respect to each other, and a single ABC stacked graphene trilayer on hBN. In all these cases, narrow bands emerge. The resulting high density of states enhances the role of interactions. We study the effect of the longrange electron-electron interaction on these narrow bands. A self consistent electrostatic potential does not modify significantly the shape and width of the bands in the three cases considered here, in contrast to the effect that such a potential has in twisted bilayer graphene. arXiv:2003.05050v1 [cond-mat.str-el] 
Introduction.
The recent discovery of superconductivity and insulating behavior in twisted graphene bilayers 1,2 has sparked interest in other types of layered materials build by stacking atomically thin twodimensional layers, which may host narrow bands. Observations of insulating behavior and/or superconductivity have been reported for graphene bilayers on hBN substrates 3, 4 , ABC-stacked trilayers on hBN substrates [5] [6] [7] [8] , pairs of graphene bilayers twisted with respect to each other [9] [10] [11] [12] , rhombohedral tetralayers 13 and twisted transition-metal-dichalcogenide layers 14 . Theoretical calculations show that these systems show flatenergy bands, in some cases upon the application of a perpendicular electric field [5] [6] [7] [8] [9] [12] [13] [14] . The width of these bands, W ∼ 5−10 meV, can be comparable to that calculated for twisted graphene bilayers near magic angles 15 .
The bands of twisted bilayer graphene show a number of unique properties, not commonly found in other condensed materials with narrow bands: i) the low Fermi velocity is not caused by large self-energy corrections, as in many strongly correlated materials, ii) the Wannier functions extend throughout the unit cell, and different Wannier functions coincide in the same region of space [16] [17] [18] [19] , iii) the wavefunctions at different points in the Brillouin Zone differ significantly 20 , and iv) electronic interactions tend to increase the bandwidth (see the theoretical calculations [21] [22] [23] [24] [25] and related experimental results 12, [26] [27] [28] [29] [30] [31] ).
In the following, we analyze whether the narrow bands found in other graphene stacks share some of the features of twisted bilayer graphene. We focus on the role of the long-range electrostatic interactions, whose strength of the order of e 2 / L is comparable, or larger, than the bandwidth. We describe this interaction by means of the self-consistent Hartree potential (Here is the dielectric constant of the surrounding medium, and L the length of the moiré unit cell). This approach captures the most salient features of the metallic state, and it gives an approximate description of the changes of the band structure in twisted graphene bilayers 21, 24 . It is further justified by the fourfold (valley and spin) degeneracy of the bands in the metallic state. The Hartree interaction cou-ples these four fermion flavors among themselves, while the Fock term or exchange coupling, the other leading interaction at the mean-field level, couples electrons with the same flavor, and is thus suppressed. On the other hand, the Hartree approximation is not suited to describe phases with broken symmetries.
The models. We analyze two distinct types of systems: i) bilayers and trilayers without a twist, where the flat bands are induced by a combination of a strain due to the substrate and a perpendicular electric field, and ii) a pair of graphene bilayers which are twisted by a small angle with relative to each other. In both cases we analyze the electronic bands by means of continuum models, based on the Dirac equation for a single graphene layer. The first case, which involves bilayers and trilayers, requires a model for the interlayer hopping in the multilayer, and a model for the interaction between the substrate and the multilayer. We use the standard parametrization for the hoppings between next nearest layers, based on the SWM mode for graphite 32 , which leads to the bilayer hamiltonian
Here π = k x + i k y , the parameters v i = ( √ 3/2)γ i a/ have dimensions of velocity, a = 0.246 nm the lattice constant of graphene, γ 1 is the interlayer coupling and ∆ the energy difference between dimer and nondimer sites 32 . The parameter values in Eq. (1) are: γ 0 = 3.16, γ 1 = 0.381, γ 3 = 0.381, γ 4 = −0.14 and ∆ = 0.022 eV 33 . We also introduce an electrostatic external potential (bias) V b between graphene layers. For the ABC graphene trilayer, the hamiltonian 34 is
where we use the parameters derived from DFT calculations given in Ref. 34 : γ 0 = 3.16, γ 1 = 0.502, γ 2 = −0.0171, γ 3 = −0.377, γ 4 = −0.099, δ = −0.0014 eV. As before, the terms γ 0 and γ 1 are the nearest-neighbor inter-and intralayer hopping parameters. The term γ 2 is the hopping parameter between the first and third layer. The interlayer potential δ accounts for a possible difference in the on-site energies between the first and third layer.
We assume that only the graphene layer nearest hBN is influenced by the substrate. The mismatch between the lattice constants of graphene and hBN leads, in the aligned situation, to the formation of a triangular moiré supperlattice where the length of the unit vector is L ≈ 15 nm. We describe the effect of hBN on the nearest graphene layer by an effective potential, which is written as a Fourier expansion whose components are labeled by reciprocal lattice vectors of the superlattice 35 . We assume that these components decay rapidly, and keep only the ones associated to the six shortest reciprocal lattice vectors, with |G j | = (4π)/( √ 3L), j = 1, · · · 6. The effective potential is 35
where M j = −iσ 2 G x j + iσ 1 G y j with G j = G x j , G y j . The 2 × 2 Pauli matrices act on the sublattice index in a single graphene layer. The parameters w 0 and ∆ represent a spatially uniform scalar and mass term (note that hBN breaks inversion symmetry, and allows for a FIG. 2. Self-consistent bands for BG/hBN with V b = −82.5 meV and ε = 10. For a negative filling fraction the bands are not significantly deformed (a). In b) we show the real space distribution of the Hartree potential for ν = −2 and in c) for ν = 2. The white hexagon is the real-space unit cell.The scale is arbitrary, with purple denoting the minimum of the Hartree potential, and red the maximum. In d) we display the band structure for a positive filling. The horizontal dashed lines in a) and c) are the corresponding Fermi energies. are position dependent mass and gauge terms, respectively. This parametrisation is different than the one used in 37, 38 (see also [39] [40] [41] [42] ). We use the parameters 41 
A graphene bilayer twisted with respect to another graphene bilayer is modelled using the continuum model, as defined in 43 (related geometries have been studied in 44 . This model describes the interlayer hoppings between the two neighboring graphene monolayers which are twisted with respect to each other, while Eq. (1) describes interlayer tunneling within each bilayer. The overall stacking is ABA B .
In order to carry out the Hartree calculations, the charge density induced by the occupied states needs to be calculated. We assume approximate local charge neutrality at half filling. Deviations from charge neutrality arises from the contribution of the electrons or holes induced by an external gate. The charge density is expanded in Fourier components defined by the moiré reciprocal lattice vectors. The charge density includes a constant term, which defines the average charge in the system. The electrostatic potential induced by this term is cancelled by the gate potential. In twisted bilayer graphene the charge density converges rapidly, and only six equivalent reciprocal lattice vectors need to be considered 21, 24 . The charge density in the systems described here is more complex. In order to achieve convergence for the charge density, we have used up to to three stars of reciprocal lattice vectors. For V b = 20.4 meV, we find the bandwidths w = 3.67 and 6.65 meV for the upper and lower middle bands, respectively. c) Band structure with V b = 96 meV, where the upper middle band reaches the lowest bandwidth, w = 2.5 meV.
Results. i) Graphene bilayer aligned with hBN.
In the presence of a displacement field which induces a difference in the electrostatic potential between the layers, a gap appears in the bilayer. An aligned substrate induces narrow bands within this gap, see Fig. 1 . Our results differ slightly from previous studies 45 due to the use of different parameters to describe the effect of the substrate. We focus on the value of the electrostatic potential which leads to the narrowest bands, Fig. 1 , center. The charge densities associated to high symmetry points in the Brillouin Zone are shown in Fig. S5 . These charge densities are significantly different from the ones in twisted bilayer graphene near magic angles 20, 21 , where the charge is concentrated at the center of the unit cell at the K point, and spread more or less evenly at the Γ point. The charge distribution at the high symmetry points is discussed in Ref. 46 .
Finally, the self consistent bands for different fillings are shown in Fig. 2 . As for the charge density, the effect of the interactions is rather different from the twisted graphene bilayer case near a magic angle. In twisted bilayer graphene the Hartree potential changes the shape of the band. Its width increases, and it becomes of order e 2 /( L), where L is the length of the moiré lattice unit, and is the dielectric constant of the surrounding medium. In the present case, even for a relatively low dielectric constant, = 4, the bands are not significantly deformed. Similar results have been obtained for other values of the dielectric constant 46 . These results are significantly smaller than those obtained for twisted graphene bilayers 21, 24 .
ii) ABC graphene trilayer aligned with hBN.
In Fig. 3 we present the electronic bands in the absence of interactions, the charge density for different Bloch states of the narrowest bands, and the effect of the Hartree interaction on the band structure. As in the previous case, we analyze three values of the displace- ment field: i) no displacement field, ii) the field for which we obtain the narrowest bandwidth near the neutrality point, and iii) a larger displacement field which gives rise to mixed narrow and wide bands. The results for the bands in the absence of interactions, see Fig. 3 , are in reasonable agreement with those reported in Refs. 5, 7, 8 . As shown in Fig. 4 the Hartree interactions modify weakly the width and shape of the bands (note that we use a dielectric constant, = 10, see results for = 4 in the supplementary information 46 ). As in the previous case, these results are significantly smaller than those obtained for twisted graphene bilayers 21, 24 .
iii) Two twisted graphene bilayers.
We consider a twist angle θ = 1.24 • , which has been reported to be favorable for superconductivity 10 . In this case, we find the narrowest bands at zero displacement field. Hence, we only consider this situation, and a finite displacement field which leads to wider bands. Results are shown in Fig. 5 and in Fig. 6 . The bands reported in Fig. 5 are in reasonable agreement with those in 47 . As in the two previous cases, the Hartree potential changes only slightly the shape and width of the narrow bands, FIG. 6. Self-consistent bands for two twisted graphene bilayers with V b = 0 meV, ε = 10 and a twisted angle of θ = 1.24 • . a) Bands for a negative filling fraction. The real space distribution of the Hartree potential is shown for a filling b) ν = −2 and c) for ν = 2. In d) we display the band structure for a positive filling. The horizontal dashed lines in a) and c) are the corresponding Fermi energies. see Fig. 6 . Further results for these three cases, including the evolution of the bands with the electrostatic potential, band crossings, Chern number, and dependence on the dielectric constant of the environment, are presented in Ref. 46 .
Conclusions. We have analyzed the leading effect of the electron-electron interactions, the long range Coulomb interaction treated within the Hartree approximation, in three types of stacks of graphene layers where very narrow bands emerge, i) bilayer graphene aligned with hBN, ii) trilayer ABC graphene aligned with hBN, and iii) two graphene bilayers twisted with respect to each other. In the three cases, for some out of plane displacement field, the bandwidth of some bands near the neutrality point is comparable, or below, 10 meV. In the absence of interactions, the bands for each of the two valleys show a complex pattern of crossings, Berry curvature, and Chern numbers. The Hartree potential leads to small changes in the shape and width of the bands, even when the screening is small and the band is very narrow. This behavior implies that the long range electrostatic interaction plays a significantly different role in these systems than in twisted bilayer graphene, where similar calculations lead to changes in the bandwidth of order of e 2 /( L) ∼ 10 − 20 meV, where ∼ 4 − 10 is the dielectric constant of the environment, and L is is the length of the unit vector of the moiré lattice. The results presented here suggest that there are significant differences between the narrow bands in twisted graphene bilayers, and narrow bands in other graphene configurations (a similar analysis, derived from experimental findings, can be found in Ref. 48 ).
Supplementary material for Narrow bands and electrostatic interactions in graphene stacks
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In this supplemental material, we provide additional details on the low-energy Hamiltonian of (untwisted) bilayer graphene on hBN, two graphene bilayers twisted with respect to each other, and a single ABC stacked graphene trilayer on hBN. For all three systems we discuss the bandwidth as a function of the electric bias and we identify the regions where the distortions due to the self-consistent Hartree interactions are relevant. We provide an analysis of the Hartree potential in terms of the distribution of the wavefunctions in real space. Finally, through a calculation of the Chern numbers, we identify the topological phases of graphene bilayer aligned with hBN (BG/hBN), ABC graphene trilayer aligned with hBN (TG/HBN) and two twisted graphene bilayers (TDBG), as a function of both electric bias and filling fraction.
I. LOW-ENERGY HAMILTONIAN

A. BG/hBN and TG/hBN
We model the stacks of graphene on hBN with a low-energy continuum model. The hBN substrate is introduced in the low-energy Hamiltonian as a modulated effective field affecting only the nearest graphene layer. As is shown in Fig. S1 , the substrate induces a triangular superlattice with periodicity L ∼ 15 nm and reciprocal lattice vectors:
The reciprocal lattice has a superlattice or moiré Brillouin zone (mBZ), with K = 1 3 (G 1 + 2G 2 ) and K = 1 3 (2G 1 + G 2 ). The area of the mBZ is L 2 m smaller than that of graphene: we can therefore perform zone folding, decomposing the momentum g mn within the graphene Brillouin zone into a momentum k within the boundaries of the mBZ and a contribution from repeats of the superlattice mBZ. We define the momentum k inside the mBZ, such that
where G mn = mG 1 + nG 2 with m, n integers. Each G mn vector in the reciprocal space has six nearest neighbors, G j = ±G 1 , ±G 2 , ±(G 1 + G 2 ); these generate the first harmonic functions of the superlattice. We refer these vectors as the "first star" of reciprocal lattice vectors. Ordering the lattice vectors by length we then find the second star, third star, etc.
FIG. S1. a) Representation of a graphene/hBN moiré superlattice. In the figure we exaggerate the lattice mismatch (∼ 3.6%). The hexagon is the unit cell and the black arrows the lattice vectors. b) moiré Brillouin zone where G1,2 are the reciprocal lattice vectors. The red circuit through the Brillouin zone, ΓKK ΓM in the mBZ is used to compute the band structure.
It has been established 35,38-41 that a minimal valley-symmetric model for the low-energy electronic structure of graphene/hBN is given by a Hamiltonian of the form
where the first term represents the graphene low-energy Hamiltonian in the vicinity of a single valley, an expansion about the K point. The second term V SL describes the effect of the hBN on the graphene layer, treating the resultant superlattice as a perturbation on the Dirac Hamiltonian. To take into account the long-range Coulomb interaction, we also introduce a self-consistent Hartree potential, V H . The effect of a hBN substrate on charge carriers in a graphene monolayer can be described by including the first harmonic functions of the superlattice. For the case of a simple hexagonal substrate with identical atoms in each sublattice, the perturbation acting on graphene electrons will remain symmetric under spatial inversion; as the hBN substrate has different atoms in each sublattice, however, the differing on-site energies for A and B sublattices breaks inversion symmetry. Graphene will therefore experience a moiré potential due to interactions with the hBN substrate which is predominantly symmetric, with an asymmetric correction. The resulting low-energy Hamiltonian includes both even and odd contributions from the first harmonic functions 35 . Including the interactions between charge carriers in graphene and the hBN substrate as a perturbing potential V SL , the Hamiltonian in Eq. (S2) can be written as
where H SL contains all superlattice effects, H 0 (k) is the isolated graphene Hamiltonian in the mBZ and N the number of reciprocal lattice vectors in the Fourier expansion. In bilayer and trilayer graphene over hBN we can assume that the superlattice potential V SL affects only the closest graphene layer and couples each momentum G mn with their six nearest neighbors, G j . The amplitude of these couplings is given by Eq. (3) in the main text. The last term in Eq. (S2) is a self-consistent Hartree potential with matrix elements 21, 24 ρ
with V C (G) = 2πe 2 |G| the Fourier transform of the Coulomb potential evaluated at G, V mBZ is the area of the mBZ and the factor 4 takes into account spin/valley degeneracy. The parameter l is a band index resulting from the diagonalization of the full Hamiltonian in Eq. (S2) and φ k,l (G) is the amplitude for an electron to occupy a state with momentum k + G. The value of ρ H (G) in Eq. (S4) depends on the extent of the wavefunctions in momentum space, hence we can write the Fourier expansion of the Hartree potential in real space as
] < π and V 0 = e 2 /εL the effective Coulomb potential. Due to the triangular symmetry of the superlattice potential the above equation can be written as
To solve the self-consistent Hartree Hamiltonian in Eq. (S2), the charge distribution is approximated as ρ H = ρ H +δρ H where ρ H is a constant which takes into account the total density from all bands not included in the calculations 21 . The charge distribution is fixed by considering an homogeneous state at charge neutrality (CN), this is ρ H = 0. Therefore, the integral in Eq. (S4) is evaluated only over energy levels with E l (k) between CN and the Fermi level. The matrix elements of the Hartree potential V H in Eq. (S4) depends implicitly on the filling fraction ν of the conduction band. For a fully filled valence and conduction bands we have ν = 4 and when they are both empty we have ν = −4. For a given value of the filling, we calculate the miniband spectrum and wavefunctions with self-consistent diagonalization of the Hamiltonian in Eq. (S2) by considering a coupling up to 5 stars, corresponding to a total of N = 91 vectors in the reciprocal space.
B. Twisted Graphene Bilayers
In the case of TDBG, the relative twist between two Bernal stacks of bilayer graphene leads to the appearance of a moiré pattern, identical to that occurring in TBG. The size of the supercell, L m = a/2 sin (θ/2), dramatically increases with the twist angle, θ, a = 0.246 nm being the lattice constant of graphene. Thus, for θ ∼ 1.24 • , L m ∼ 11.36 nm. We describe the low-energy band structure of the TDBG within the continuum model introduced in the Refs. 15, 43 for the case of the TBG, and generalized in 47, 49 . This model is meaningful for sufficiently small angles, so that an approximately commensurate structure can be defined for any twist. The moiré mini-BZ, resulting from the folding of the two BZs of each bilayer (see Fig.S2(a) ), has the two reciprocal lattice vectors:
shown in green in Fig. S2(b) . For small twists, the coupling between the two valleys at K = (4π/3a)(1, 0) and −K of the unrotated bilayer can be safely neglected, as the interlayer hopping has a long wavelength modulation. Then, for the sake of simplicity, in what follows we focus only on the K-valleys of each bilayer. The Hamiltonian of the TDBG is represented by the 8 × 8 matrix:
acting on the Nambu spinor Ψ T = (ψ A1 , ψ B1 , ψ A2 , ψ B2 , ψ A3 , ψ B3 , ψ A4 , ψ B4 ), whose entries are labels by the sublattice (A/B) and layer (1, . . . 4) indices. Here we defined k l = R (−) l−1 θ/2 (k − K l ), R(θ) being the 2 × 2 matrix describing the counter-clock-wise rotation of the angle θ, and:
1354eV (see e.g. the Ref. 47 ). The 2×2 matrix U describes the moiré potential generated by the hopping amplitude between p z orbitals localized at opposite layers of the two twisted surfaces. In real space, U (r) is a periodic funcion in the moiré unit cell. In the limit of small angles, its leading harmonic expansion is determined by only three reciprocal lattice vectors 43 :
where the amplitudes U (G) are given by:
In the following we adopt the parametrization of the TBG given in the Ref. 17 : g 1 = 0.0797 eV and g 2 = 0.0975 eV. The difference between g 1 and g 2 accounts for the corrugation effects where the interlayer distance is minimum at the AB/BA spots and maximum at AA ones, or can be seen as a model of a more complete treatment of lattice relaxation 50 . The difference in electrostatic energy between the adjacent is given by 47
where I 2 is a 2 × 2 identity matrix and V b an (out of plane) external electrostatic potential. The long-range Coulomb interaction, V H in Eq. (S8), for this model and the filling dependence are introduced as in the previous section. The matrix elements of the Hartree potential in Eq. (S4) contributes to the Hamiltonian of TDBG in Eq. (S8) as a diagonal term in the sublattice/layer subspace, coupling an state with momentum k, with the six states with momentum k−G i . For a given value of the filling of the conduction band, we diagonalize self-consistenly the Hamiltonian in Eq. (S8) until convergence.
II. BILAYER GRAPHENE/HBN
A. Band Structure
We first consider a system of AB stacked bilayer graphene on hBN (BG/hBN). In graphene, the unit cell contains carbon atoms in both sublattices, while the hBN is composed of nitride and boron in each sublattice site. The second graphene layer is AB aligned to the first, where only half the Carbon atoms are vertically aligned, and the other half has midpoint alignment. The superlattice potential V SL [Eq. (3) in the main text], describes deformations in the closest graphene layer and modifies the band structure with respect to isolated bilayer graphene. The unperturbed graphene H 0 in Eq. (S3) is the low-energy bilayer Hamiltonian, Eq. (1), given in the main text. For this system, the diagonalization of the matrix Hamiltonian in Eq. (S2) produces 4N eigenvalues. Therefore, for a given momentum k, if we sort the bands by increasing energy, the bands in the middle of the spectrum [Fig. 1 in the main text] are labeled as b 2N and b 2N +1 . An external electrostatic potential V b , is introduced to tune the dispersion and bandwidth of these bands. The electrostatic potential V b acts with different sign in each graphene layer, then both dispersion and bandwidth of the middle bands depends on its sign and magnitude. This is shown in Fig. S3a) where we plot the bandwidth as a function of V b . At zero electric bias the presence of the superlattice potential generates a gap ∆ g = 7.64 meV between both middle b 2N and b 2N +1 bands. Recent works have shown that at charge neutrality the value of ∆ g is smaller 45 . This difference with our results is due to the fact that we are considering a four-band Hamiltonian [H 0 in Eq. (1)] with a perturbing potential [V SL in Eq. (3)] which takes into account the strains and pseudogauge fields (see Eq. (5) in Ref. 41 ). However, an electric bias between graphene layers makes the gap tunable. In Fig. S3a ) the dashed back line is the ∆ g value as a function of the electric bias. This value increases proportionally to the magnitude of the electric bias, in agreement with the experiments 45, 51 . As the electric bias is modified, the minimum bandwidth for the b 2N +1 band is w = 19.3 meV found for V b = −82.5 meV. For this same bias, the bandwidth of the b 2N band is w = 35 meV.
B. Self-consistent Hartree Interaction
Up to this point we have ignored the long-range Coulomb interaction. We will now take this into account by considering the Hartree term in Eq. (S2). The effective Coulomb interaction for this system is of magnitude V 0 = e 2 /εL ∼ 24 meV, for a dielectric constant ε = 4 and V 0 ∼ 9.6 for ε = 10. The moiré length is set to L = 15 nm. At half filling and for V b = 0, the bandwidth is w = 44 and 46 meV for the middle b 2N and b 2N +1 bands, respectively. In the present case, for a relatively small dielectric constant ( = 4 in Fig. S4 ), the bands are not significantly deformed. If we consider a more realistic case, = 10 as shown in Fig. 2 , both bands have a bandwidth larger than the effective Coulomb interaction and the effect of the long-range Coulomb interaction is small. Recently, Moriyama et al 3 reported signatures of superconductivity in bilayer graphene encapsulated between hBN, where a superconducting dome is obtained for a negative filling. Based on our results we surmise that for this particular system a low-energy narrow b 2N band may be is responsible for the reported superconducting state. Of course it is a limitation of our model model that we assume that the superlattice potential created by the hBN is only affecting a single graphene layer. We have not found any b 2N narrow band for a sensible choice of physical parameters in Eq. (3). However, we notice that by introducing a superlattice periodic potential acting in the top graphene layer 52 , the b 2N band can potentially also be isolated. This may explain the b 2N flat band responsible for correlated behavior in Ref. 3 , which may be is a consequence of the encapsulation of BLG, where both graphene layers are in contact with an hBN layer.
C. Charge density
As discussed in Refs. 21, 24 , in TBG the dominant contribution to the Hartree interaction comes from the first star of reciprocal lattice vectors. In BG/hBN up to three stars in V H of Eq. (S6) are required. We have found that, independently of the filling, the contribution of the first and third star is a complex number, while the contribution of the second star is purely real. The difference in the Fourier components of this system and TBG is due to the different distribution of the wavefunctions in real space. In TBG the wavefunctions are centered at the middle AA stacked region or in a ring around it 20 . In the Fourier expansion of the Hartree potential, only a single star with real components of the charge density was found to be required 21 . In BG/hBN, the substrate has different atoms in each sublattice and therefore the Hartree interaction in Eq. (S5) contains both symmetric and antisymmetric components of the charge density. This is shown in Fig. S5 where we display the charge density of states in real space for different points within the mBZ. The charge density is considered to be homogeneous at charge neutrality. The individual figures correspond to the high symmetry points for the narrow bands in Fig. 1b ) with filling ν = −2 and ν = 2, respectively. The white hexagon is the real space unit cell. In Fig. S5a ), the labels show regions with different stacking for hBN and the nearest graphene layer. For ν = −2 the charge density at the central Γ point is concentrated in the regions with AA stacking with small weight in AB regions. At the K point, the charge density is concentrated in the regions with BA stacking and is minimal for AA alignment. On the other hand, the charge density at the K and the six M points is concentrated in the AB regions with an small charge concentration in the AA centers. For ν = 2 in the bottom row of Fig. S5 , the charge density of states at Γ and K points is mainly concentrated in the BA regions with small concentrations in the AB regions. The charge density at the K point is concentrated in both BA and AA regions and is minimal in the regions with AB stacking. The total contribution of the six M points to the charge density is mainly concentrated in the regions with BA stacking.
Figures 2b) and c) in the main text display the distribution of the Hartree potential in real space for two filling values. For ν = −2 the Hartree potential is repulsive in the AB regions and attractive in the BA regions. As is shown in Fig. 2a ), the Hartree potential for ν = −2 is obtained by integrating from the states between CN (black dashed line) and the Fermi level (green dashed line). Therefore, the main contribution comes from states around the K and M points, consistent with the charge distribution in Fig. S5c ) and Fig. S5d ). For ν = 2 in Fig. 2c ) in the main text, the Hartree potential is repulsive in the BA regions and attractive in both AB and AA regions. The "three lobe" shape of the Hartree potential in the AA regions is consistent with a contribution from states around the M points, Fig. S5h ). Furthermore, as is shown in Fig. 2d ), the position of the Fermi level is such that states near the K points also contribute to the charge density. However, these states have a maximal density in the AA regions. In the total Hartree potential, this maximum density is suppressed by the contribution from states in the vicinity of the Γ point, where the charge density in the AA regions is minimal.
III. TRILAYER GRAPHENE/HBN
A. Band Structure
We now consider ABC trilayer graphene supported by hBN, Again, we assume that the superlattice potential generated by the substrate only affects the bottom graphene layer as before. As is shown in Fig. 3a) in the main text, the superlattice potential generated by the hBN strongly modifies the trilayer band structure and gives rise to two narrow bands close to zero energy. For this system, the diagonalization of the matrix Hamiltonian in Eq. (S2) produces 6N eigenvalues and therefore the middle bands of the spectrum are labeled as b 3N and b 3N +1 (red lines in Fig. 3 ). We find that these bands are stable against small modifications of the substrate periodic potential or the graphene trilayer parameters.
Recently, it has been shown that the presence of a superlattice potential in trilayer graphene gives rise to a tunable Mott insulating behavior and reveals signatures of superconductivity 5,6 . This tunability is introduced by applying an external electrostatic potential 53 . In this work, we introduce an electrostatic potential in the outermost graphene layers, Eq. (2), where we choose a negative sign for the layer closest to the substrate and positive for the one furthest away. As in BG/hBN, the shape and bandwidth of the narrow bands also depends on both sign and magnitude of V b . This is shown in Fig. S3b) where we plot the bandwidth versus the electrostatic potential. For a negative electric bias, the bandwidth of both bands increases roughly linearly in V b . At zero electric bias, the bandwidths are w = 4.4 and 15.1 meV for the b 3N and b 3N +1 bands, respectively. The gap between these bands has a value of ∆ g = 5.03 meV [dashed black line in Fig. S3b) ]. For a positive electric bias, the b 3N band reaches a minimum width w = 3.73 meV for V b = 20.4 meV, and for this same bias w = 6.58 meV for the b 3N +1 band. If V b is increased, the b 3N +1 band reaches a minimum w = 2.52 meV at V b = 96 meV.
B. Self-consistent Hartree interaction
We now consider the effect of the long-range Coulomb interaction. In general, if the kinetic energy is strongly suppressed in a particular band, the self-consistent Hartree interaction will considerably distort its band structure. Interestingly, we find a simple qualitative relation between the bandwidth of the bands and their distortion in the presence of the Coulomb interaction. We have found that the least dispersive bands are those corresponding to an electrostatic potential V b = 20.4 meV (w = 3.73 meV for the b 3N band), and V b = 96 meV (w = 2.52 meV for the b 3N +1 band). The corresponding band structures at half filling are shown in Fig. 3 in the main text.
In the case of V b = 0 the dielectric constant is taken to be ε = 4 in Figs. S6a) and c), and ε = 10 in Figs. S6b) and d). For this system, we have two different situations: for ε = 4, both bands have a bandwidth lower than V 0 and for ε = 10 only the bandwidth of the band b 3N is smaller than V 0 . In the first situation, the band distortions are relatively stronger and the bandwidth of both bands increases as a function of the filling. We notice that the bands are slightly modified along the edges of the mBZ compared to those around the Γ center, where the bands are rigidly shifted in energy. In the second situation for a negative filling in Fig. S6b) , the band distortions are negligible. For a positive filling, the lower band is fully occupied and the upper band is slightly distorted when the Hartree potential is large. This situation is similar to that of BG/hBN in Fig. S4d) where the bandwidth of the upper band is smaller than the corresponding V 0 .
On the other hand, if the electric bias is increased, we find a minimum bandwidth for the b 3N band [blue line in Fig. S3b) ]. The corresponding band structure as a function of filling is shown in Fig. 4 for = 10 and in Fig. S7 for  = 4 . In the first case of = 10, the bandwidth of both bands is comparable with the V 0 value. Here, both bands are quite insensitive to a variation of the filling. As shown in Fig. 4 , for both negative and positive filling, the bands are rigidly shifted around the Γ point and modified along the mBZ boundaries. In the second case of = 4 in Fig. S7 , the bandwidth of both bands is much smaller than V 0 and the band distortions are stronger. For a fully empty bands in Fig. S7a) , the Hartree potential is strong enough such that the shape of both bands is modifiedd. In this case, the upper middle band is forming a Dirac-like cone with a high energy band. Figure 3c ) shows the band structure for an electric bias V b = 96 meV, where the upper b 3N +1 band has a bandwidth of w = 2.5 meV. In Fig. S8 we show the band structure as a function of the filling with ε = 10. For negative filling fractions, the b 3N band is wide with a bandwidth slightly smaller than the Coulomb potential and its distortion can be discussed as in the V b = 0 case. For positive fillings, as the filling fraction is increased from charge neutrality, both bands behave completely different. In the upper band, as the filling is increased, a distorted "pocket" along the mBZ boundaries is formed. The depth of this pocket increases with the filling value and is deeper for ν = 4. The lower band is wide and its shape is insensitive to the Hartree interaction, but it is shifted to a lower energy.
C. Charge density
The presence of hBN substrate in trilayer graphene produces an asymmetry between charge densities in different regions in the mBZ. The fluctuations in the electrostatic potential are dominated by the first three stars in the reciprocal space. As pointed out in Ref. 21 , the matrix elements of the Hartree potential in Eq. (S4) encode the symmetric and antisymmetric part of the charge density. In both BG/hbN and TG/hBN, these matrix elements are complex numbers for the first and third star, and purely real for the second. As a consequence, the wavefunctions of the narrow bands are distributed unevenly in the real space and a doping away from neutrality will generate a large contribution to the Coulomb potential. In Fig. S9 we display the charge density in real space at different points within the mBZ. We fixed the charge density to be homogeneous at charge neutrality. The top row of figures corresponds to the high symmetry points for the lower band with ν = −2 in Fig. 4a ) and the upper band with ν = 2 in Fig. 4d ). Figure S9a ) is the charge density of states at the Γ point. The three purple corners with a small charge density of states form a triangle in the unit cell, and corresponds to regions with BA stacking between hBN and the closest graphene layer. The opposite triangle is the region with AB stacking (not to be confused with the intrinsic ABC stacking of trilayer graphene). The center of the unit cell with a high density of states corresponds to a region with an AA stacking between hBN and the lowest graphene layer.
As is shown in Fig. S9 , in the top row of figures for the b 3N band and ν = −2, the charge density associated with states at the K and K points of the mBZ has small charge density in regions with AB stacking but is much concentrated in the BA corners and AA center. In Fig. S9d ) we display the charge density in a single M point, however, the total contribution of the six M points (related each other by a C 6 rotation) to the charge density is mainly distributed through the AB regions and is minimal in the AA centers. In the case of the b 3N +1 band for ν = 2 (bottom row of figures) the charge density associated with states at the corners of the mBZ, K and K points, is concentrated in regions with BA stacking. In the center of the mBZ, point Γ, the charge density is concentrated on the AA center with small concentrations the AB regions. At the point M , the charge is mainly concentrated in the AB regions.
The asymmetry between charge densities in different regions of the mBZ is the source of the fluctuations of the Hartree potential which is responsible of the band distortions. As mentioned before, the matrix elements of the Hartree potential in Eq. S5, have been obtained by integrating over states from charge neutrality to the Fermi level. In Fig. 4b ), the main contribution to the Hartree potential for a hole doping, ν = −2 comes from the states near the K corners, Fig. S9b ). These states are responsible for the minimum of the Hartree potential in the AB regions. Additional contributions come from states between K and Γ, which give rise to the repulsive (red) regions in Fig. 4b ).
On the other hand, for ν = 2 in Fig. 4c ), the Hartree potential is attractive in the BA regions and repulsive in the AA ones. This appears to be consistent with a contribution from states around Γ. However, this is not the case. A careful inspection of the position of the Fermi level (green dashed line) in Fig. 4d ) indicates that the repulsive region of the Hartree potential originates from states around the M points and the maximum in the AA center arises from states along the M Γ and KΓ paths. 
IV. TWISTED GRAPHENE BILAYERS
To complete the analysis of the moiré systems formed by stacks of graphene, we consider the case of the TDBG. Recent experiments on TDBG 4,11 that reported the observation of superconductivity up to 12K and insulating phases at integer fillings, clear indicates the important role of many-body interactions in TDBG. Remarkably, the sensitivity of the insulating gap to an in-plane magnetic field may indicate that the insulating states are ferromagnetic insulators, in contrast to the Mott insulator proposed in TBG. In addition, the ferromagnetic fluctuations themselves may provide an electronic mechanism for the formation of the SC order. Recent theoretical studies emphasize the sensitivity of the band structure to an out-of-plane electric field, which may easily open gaps between very narrow mini-bands, and the behavior of the Chern number upon varying the stacking arrangements 47, 49 . For this system, the diagonalization of the Hamiltonian in Eq. S8 produces 8N eigenvalues, with N the number of vectors corresponding to the number of stars in the reciprocal space. Therefore, for a given k if we sort the bands by increasing energy, the bands in the middle of the spectrum in Fig. 5 are labeled as b 4N and b 4N +1 for the lower and upper middle band, respectively. Here we study the behavior of the band structure of the TDBG upon varying the filling of the conduction band and the electric bias. Figure. 6 in the main text displays the two bands in the middle of the spectrum obtained at zero bias, for θ = 1.24 • and negative (a) and positive (d) filling. The bands are quite insensitive to a variation in the filling for a dielectric constant = 10. For a relatively small screening, = 4, in Fig. S10 the bands start to distort around the Γ points. Furthermore, there is a band touching at two points along the ΓM path, this is due to the different symmetry between the wavefunctions 47 so that they can cross, as seen in Fig. 6 . The strength of the electrostatic Hartree potential is V 0 ∼ 31.67 for = 4 and V 0 ∼ 12.66 for = 10. However, the presence of a perpendicular electric field can sensitively affect the band structure, as it is emphasized by the Fig. S3c) , showing the bandwidth of the lower (blue) and upper (red) bands in the middle of the spectrum at CN, as functions of the electric bias V b .
For this system, similar to TBG, we have found that the dominant contribution to the Hartree interaction comes from the first star of reciprocal lattice vectors. Independently of the filling, the matrix elements of the Hartree potential in Eq. S4 are complex numbers with an small imaginary component. In Fig. S11 we show the charge density of states calculated in different points of the mBZ, as specified in the labels. The top (bottom) row refers to the charge density of states corresponding to the upper (lower) band in the middle of the spectrum, when the filling fraction is ν = +2 (ν = −2).
V. TOPOLOGICAL PHASE TRANSITIONS
Finally, we address the topological phases of the middle bands in BG/hbN, TG/hBN and TDBG, where the breaking of either time reversal or inversion symmetry in the single valley model in Eq. S2 allows for a finite Berry curvature Ω k,l = 2 Im ∂ kx ψ k,l |∂ ky ψ k,l ,
where l is a band index with energy E l (k) and wavefunctions ψ k,l . Notice that due to time-reversal symmetry, the Berry curvature in each graphene valley has opposite sign and hence the total Chern number is zero. However, by assuming an absence of intervalley scattering, the topological invariants can be defined separately 41, 54 . The middle bands in BG/hbN, TG/hBN and TDBG are isolated and their Berry curvature is well defined. Therefore, we can assign a valley Chern number C l to the band l which is given by the integral of the Berry curvature about the moiré Brillouin zone:
We use the algorithm in Ref. 55 to compute the Berry curvature and valley Chern number as a function of the electric bias and for different filling fractions.
A. BG/hBN
We first consider BG/hBN where it has been recently shown that the Chern number of the middle bands can be modified by an external electrostatic potential. For the valley under consideration and a half filling, the Chern number for the b 2N and b 2N +1 bands was found to be 2 or 0 depending on the V b value 56 . Figure S12a ) displays the value of the Chern number as a function of the electric bias for the values where both b 2N and b 2N +1 bands are isolated in the middle of the spectrum. Interestingly, we find three topological phases for these bands. The first phase, for both b 2N and b 2N +1 bands is defined by the Chern numbers {C 2N , C 2N +1 } = {2, 0} in the region with V b < 23.13 meV within the range of V b in Fig. S12a ). The second phase with Chern numbers {3, −1} is found in a small region with bias potential V b ∈ {23.13, 24.27} meV, as shown in the inset in Fig. S12a ). We have found that this phase is due to an inversion between the Dirac cone at Γ and the three surrounding small Dirac cones generated by the trigonal warping term γ 3 32 . The third topological phase, with Chern numbers {0, 2} is found for V b ≥ 24.27 meV. We find that the topological phases {2, 0} and {0, 2} are stable against small modifications of the substrate periodic potential or the graphene trilayer parameters, while the additional topological phase {3, −1} is found for a nonzero γ 3 . For V b = −82.5 meV where the bandwidth of the b 2N +1 band is smaller, the Chern numbers of the middle bands are {2, 0}. However, as is shown in Fig. 1b ), while the b 2N +1 band is isolated, the band b 2N is close to a lower energy band at the K point. As the filling fraction is modified, the energy at the K point of the b 2N band is slighly shifted to a lower value. In particular, for = 4 and ν = 4 where the Hartree potential is stronger, we have found that a topological phase with Chern numbers {1, 0} is induced by a band inversion at the K point between the b 2N and a lower energy band. For = 10 we have not found any additional topological phase induced by the Hartree potential.
B. TG/hBN
We now consider TG/hBN, where the band proximity of the middle bands can be tuned by the electric bias. In Fig. S3 , the dashed black line is the gap ∆ g between middle bands. For V b = 38.4 meV, ∆ g = 0. We find that this gap closing results in a topological phase transition from Chern numbers {C 3N , C 3N +1 } = {0, 3} to {3, 0} in agreement with previous results 8 . On the contrary to BG/hBN, we have not found any additional topological phase for different V b values. However, the proximity between these bands for some values of the electrostatic potential produces additional topological phases when doping away from neutrality. In Table I we show the Chern number as a function of filling for two values V b = 0 and V b = 20.4 meV of the electric bias and two values of the dielectric constant. As the filling fraction is modified, we find different topological phases. For V b = 0 and = 4 the middle bands have four topological phases as a function of the filling. At half filling the topological phase is {C 3N , C 3N +1 } = {3, 0}, for a hole doping with ν = −1 and ν = −2 the bands are in the phase {2, 1} due to a band inversion at a Dirac cone induced at the point K [see Fig. S6a )]. The topological phases, {3, 0} and {2, 1} found for ν = −3 and ν = −4 are also generated by a band inversion at the same K point. This dependence of the topological phases a function of the hole doping is also found for positive fillings. For ν = 1 and ν = 2 the bands are in a topological phase {3, 0}, as the half filling case. If the Hartree potential is increased by increasing the filling fraction, for ν = 3 the b 3N band change its Chern number to C 3N = 4 due to a band inversion with a low-energy band. If the Hartree potential is further increased, for a full filled conduction and valence bands, the topological phase is {0, 3}. On the other hand, for V b = 20.4 meV and = 4 as the Hartree potential is increased, the gap between middle bands is larger enough to avoid topological phase transitions. In the cases of full empty and full filled bands where the Hartree potential is stronger, we found additional phases with Chern numbers {0, 3}. For = 10, the Hartree potential is not strong enough to induce additional topological phases for the considered electric bias. Finally, although we have considered only a few values of electric bias, depending on the graphene and substrate parameters, additional topological phases can be induced as a function of both electric bias and filling fraction.
C. TDBG
Finally, we consider TDBG where for a non zero electric bias the middle bands are isolated and their valley Chern number is well defined. In Fig. S3c ), the black line is the gap between middle bands, within the region where the gap is zero, the bands have two touching points along the ΓM path for V b = 0. For the valley under consideration, we find that this gap closing results in a topological phase transition from Chern numbers {C 4N , C 4N +1 } = {3, −3} to {−3, 3}. This is shown in Fig. S12c) where we show the value of the Chern number as a function of the electric bias. As the electric bias is increased, the upper central band becomes much narrower than the lower band, see Fig. 5b ). For V b ∼ 9 meV a topological phase transition to the phase {−2, 2} occurs due to a band inversion at the K points. If the electric bias is further increased, additional topological phases can be obtained since both middle bands are close
